In the present work, laminated composite plates with surface bonded shape memory alloy sheets are modeled and analyzed based on the modified higher-order shear deformation theory. The energy balance equations in conjunction with Brinson's SMA constitutive model are used to formulate the heat transfer governing equations. The static responses as well as dynamic characteristics of the plates are obtained using Ritz solution technique. The plates are subjected to mechanical loads with two types of boundary conditions, simply-supported and cantilevered. A Mathematica code is developed to analyze different plate problems. The time response of the shape memory alloy laminated composite plate is studied. The obtained results are compared to the available studies solved by different theories. Parametric studies are conducted to demonstrate the effect of thickness ratio, aspect ratio, material properties, thermal expansion coefficient, and thickness of shape memory alloy sheet on the transverse deflections, natural frequencies, and response time.
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INTRODUCTION
The SMA has been a subject of intensive researches in the last decades due to its unique properties of one and two way shape memory effect (SME), pseudo elasticity and high damping capacity. Ghomshei et. al [1, 2] , proposed a nonlinear finite element model and experimental test for the time response of a shape memory alloy (SMA) actuator composed of matrix material with SMA sheets or wires embedded in or bonded to the matrix part. The model is developed based on a higher order shear deformation beam theory together with the von-Karman strain field. A one-dimensional constitutive equation with non-constant material functions and sinusoidal phase transformation kinetics is used to model the thermo-mechanical behavior of the SMA actuator. The constitutive and phase transformation kinetic equations make distinction between the stressinduced and temperature-induced martensite fraction.
Balapgol et. al [3, 4] , studied the deflection, natural frequency and time response of shape memory alloy laminated composite plate using finite element model with first order shear deformation theory. The composite plate consists of a thin layer of SMA bonded to elastomer core. They concluded that the input power, heat sink strength, thermal conductivity, and thickness of the elastomer layer play important roles for controlling the time response of the SMA laminated actuator.
Gordaninejad et. al [5] , presented a two dimensional finite element model based on classical lamination theory, energy balance equations, and two-dimensional transition model of SMA layer for the response of thermally driven SMA/ elastomer actuator. Wu et. al [6] , derived a closed form solutions for the stress-strain-temperature response of a thermally driven shape memory alloy composite actuator neglecting the heat conduction in axial direction.
Rogers et. al [7] used the Rayleigh-Ritz method to perform a linear analysis for simply-supported plate embedded with SMA fibers. They studied the plate deflection, free vibration, buckling, and acoustic control.
Lin et. al [8] proposed a closed form solution for symmetric composite beams embedded with SMA fibers with various boundary conditions. The resultant actuation forces and normal stress distribution were calculated for the proposed beams.
One of the earliest models is the one-dimensional Tanaka's [9] , a macroscopic model that is derived from thermodynamic concepts and through experimental observations. Martensitic transformation was considered progressive through an internal variable, the volume fraction of martensite, ξ. The evolutionary equation was determined by considering the transformation micro-mechanism and it is expressed using an exponential function in the form of
Liang and Rogers [10] , improved Tanaka's model by directly matching experimental results to get the evolutionary equation which is expressed using the cosine function. The constitutive equation remains the same while the equations' parameters are determined through experiments.
An improvement of the Tanaka's model was made by Brinson [11, 12] , who recognized that not all martensite that are converted to austenite will produce the recovery stress. Only the stress induced martensite that is responsible for the shape memory effect. The martensite fraction is divided into two components: stress induced and temperature induced martensite. This model also does not assume constant material functions in the constitutive relationship. Furthermore, Brinson made some amendment that the constitutive equation will be valid at any SM Proceedings of the 16 th Int. AMME Conference, 27-29 May, 2014 temperature. This model was found to give a better representation of the SMA behaviors than the Liang and Rogers's model [10] .
In the present study the transverse deflection, natural frequency, and time response of laminated composite plates with surface bonded shape memory alloy sheets are investigated. The analytical model is deduced based on the modified higher-order shear deformation theory utilizing Ritz solution technique. The energy balance equations in conjunction with Brinson's SMA constitutive model are used to formulate the heat transfer equations. Two types of boundary conditions are studied, simplysupported and cantilevered. A Mathematical code is developed to analyze different plates and to validate the obtained results. Parametric studies are performed to demonstrate the effect of the plate thickness ratio, aspect ratio, thermal expansion coefficient, and shape memory alloy sheet thickness on the plate transverse deflections, natural frequencies, and shape memory alloy response time.
DISPLACEMENT FIELD EQUATIONS
The layout of a shape memory alloy composite plate actuator is shown in Figure 1 .
The plate consists of a layer of SMA of thickness s t , which is bonded to a composite plate of thickness ( )
The plate length and width are a , and b , respectively. The plate is bonded at its bottom to a heat sink maintained at temperature sink T . The plate is subjected to a uniform transverse load, q . The Cartesian coordinate system is taken so that the xy -plane coincides with the mid-plane of the plate, and the z-axis is upward normal to the mid-plane. The displacement field equations of the modified higher order plate theory (MHPT), [13, 14] , are given as: 
The basic assumptions are that the SMA layer and the host layers are perfectly bonded, both thermal stresses and temperature in the phase transformation of SMA are considered, and the plate undergoes a small displacement.
STRAIN-DISPLACEMENT RELATIONSHIPS
The strain-displacement relationships can be expressed in a matrix form as follows, [13, 14] : 
STRESS-STRAIN RELATIONSHIPS
The generalized stress-strain relations can be written in contracted notation as follows, [15] :
The transformed stress-strain relations for an orthotropic lamina oriented by an angle θ can be written as: The elements of the transformed symmetric stiffness matrix Q     are given in [15] .
During martensitic transformation of SMA the modulus of elasticity of the metal is uniformly blended with the martensite and austenite phases [3] . The SMA layer and the host layers are perfectly bonded. The constitutive relationship of the SMA layer is:
where { } s α is the thermal expansion coefficient vector of the SMA layer, given as:
where α is the thermal expansion coefficient of the SMA material.
( )
 is the SMA layer stiffness matrix which is function of the martensite fraction, which is given in the strain-stress relation, [13, 14] .
ENERGY FORMULATION

Hamilton's Principle
The governing differential equations of the whole structure are derived using Hamilton's principle, [15] ( )
where U δ is the virtual strain energy, V δ is the virtual work done by the applied loads, and K δ is the virtual kinetic energy.
The virtual strain energy U δ is given by [15] 
or in matrix form
By substituting for the stress components, Eq.(7), thus:
where
and
The virtual work V δ done by the applied forces can be written as, [13, 14] : The virtual kinetic energy K δ can be written as, [15] : 0  1  1  1  2  1  3  1  2  3  4   2  0  2  1  2  2  2  3  2  3  4  5   3  0  3  1  3  2  3  3  3  4  5 6
where 
U & are given in [13, 14] .
Ritz Solution Technique
The unknown displacements vector { }
, , , , , , , , , ,
approximated by x-y-polynomial functions that satisfy the plate boundary conditions. Two types of boundary conditions are considered, simply-supported and cantilevered. The Ritz functions used in the present study are listed in [13, 14] .
EQUATIONS OF MOTION
The equations of motion of the plate structure are derived using the Ritz approximation technique, [13, 14] :
[ ] 
SMA CONSTITUTIVE MODELS
SMA Linear Model
The linear model provides a one-dimensional relation between the martensite fraction with temperature and stress during the phase transformation, [8] . In the present model the heating and cooling transition process is reproduced in Eq. (26) and Eq.(27) respectively:
where A C and M C are the material constants which indicate the influence of the stress on the phase transformation temperatures. s A and f A are the start and finish temperatures of the phase transformation from martensite to austenite, respectively. 
SMA Brinson's Model
The Brinson's model [12] made a significant improvement over Tanaka's model [9, 11] , and the Liang and Rogers's model [10] . It recognizes the stress induced martensite (SIM) as the only martensite that gives the functional property of shape memory effect (SME) and pseudo elasticity rather than the total martensite that contains both the temperature induced martensite (TIM) and the stress induced martensite (SIM). Brinson's model assumes that the transformation depends only on the temperature and the stress, and the amount of transformation that occurs is described using the volume fraction of the stress induced martensite, ξ S . Brinson's model is quite popular for engineering applications since it is simple, accurate and easy to implement into numerical applications.
Brinson made a modification so that this model can be used at low temperatures by dividing the martensitic volume fraction into two parts:
where ξ S corresponds to the fraction of the stress induced martensite (SIM) and ξ T refers to the fraction of the temperature induced martensite (TIM). From Tanaka [9] and Eq.(28), the stress can be expressed as:
After a simple derivation and applying a force condition we get the constitutive relationship of Brinson's model for constant material parameter [11] : SM Proceedings of the 16 th Int. AMME Conference, 27-29 May, 2014
where D is the Young Modulus, θ is the thermoelastic tensor and Ω is the transformation tensor. The effect of stress on the transition temperature now must consider the conversion of TIM to SIM. This process of conversion starts after a TIM is given a stress up to a critical value, cr s σ , and ends at a stress value of,
The values of these critical stresses can be determined through experiments, or theoretically by developing a model based on the potential energy necessary to overcome the chemical energy barrier for conversion of twins as in the work of Achenbach and Muller [16] . The stress temperature coefficients, C A and C M in Brinson's model are not assumed to be equal, and are both determined through experiments. The evolution equations are listed in Ref. [11] , Appendix (A).
HEAT TRANSFER Heat Equations Modeling of SMA Layer
The SMA layer is activated when exposed to heat. Heat power is considered as a homogeneous heat source in the SMA layer. The thermal energy of the activated SMA layer is assumed to be lost by conduction through the core structure. A twodimensional temperature distribution is considered. Considering a dx-dy element of the SMA layer, the energy balance equation can be given as, [5] : 
is the rate of heat conduction in the x and y directions through the SMA layer, and s k is the thermal conductivity in
− is the quasi-steady model for the heat lost by conduction through the core layer, when the core heat capacity is neglected, [17] .
where e k is the thermal conductivity of the core layers in 
where θ is the non-dimensional temperature of the SMA, τ is the dimensionless time,
MA
R is the dimensionless heat of transition of the SMA, k R is the dimensionless thermal conductivity of the core, S is the heat sink strength which characterizes the heat conduction loss from the SMA through the core to the heat sink, and P R is the dimensionless input power to the SMA layer. The dimensionless symbols are defined in Appendix (B).
Heat Equations Solution
The
Integrating by parts and rearranging the equation elements:
where x n and y n are the direction cosines of the boundary surface in the x and y directions. The variables θ and ζ are approximated over the plate by the following interpolation functions: 
where SM Proceedings of the 16 th Int. AMME Conference, 27-29 May, 2014 ( )
α-family method is used to transfer Eq.(36) from ordinary differential equations to a set of algebraic equations, in which a weighted average of the time derivative of a dependent variable is approximated at two consecutive time steps by linear interpolation of the values of the variable at the two steps.
For different values of α (0<α<1), a numerical integration schemes can be obtained [18] .
Assuming constant time step t ∆ gives:
Rearranging terms of Eq.(36) gives: 
Knowing that;
Eq.(38) can be written in a set of algebraic equations as follows:
where ( ) 
SOLUTION PROCEDURE
1-Select initial values for
NUMERICAL RESULTS AND DISCUSSION
The static and dynamic deformation of the core structure are given in Refs. [13, 14] .
To verify the present thermal model, two cases are presented. Case (I) studies the stress-free thermal response of SMA laminated plate, while the phase transformation SM Proceedings of the 16 th Int. AMME Conference, 27-29 May, 2014 response of a cantilever plate subjected to mechanical and thermal loads is considered in case (II). Parametric studies are then presented in case (III) to investigate the effect of plate thickness, aspect ratio, material properties, thermal expansion coefficient, and shape memory alloy sheet thickness on the transverse deflections, natural frequencies, and shape memory alloy's response time. Simply supported plates and cantilever plates are used in these cases. A set of computer programs was developed, for this investigation, using Mathematica 7.
Case (I): Free Thermal Response of SMA Laminated Plate
The plate consists of 55-Nitinol for the SMA layer glued on the top of Dow Corning SYLGARD core. The SMA layer thickness . The material properties are given in Table 1 [3, 17] . The response time of the actuator of the SMA layer for martensite-to-austenite heating transition for an applied power 7 3 7.787 10
, and for austenite-to-martensite cooling transition for a sink temperature sin 21 Table. 2 for both linear and Brinson's SMA model and compared with Wirtz, [17] . The response time is also calculated from the conservation of thermal energy in the SMA layer from basic heat transfer equation [19] , generated body dissipated 
Case (II): Phase Transformation of SMA Laminated Plate
The phase transformation response of SMA layer located at the top, subjected to a uniformly distributed load, . The time step 0.01sec t ∆ = is used. The material properties are given in Table 1 [3] .
The variations in martensite fraction in the activated SMA layer using the linear and Brinson's models are shown in Figure 2 . in comparison with the results obtained by Balapgol [3] , and Ghomshei [2] . A good agreement is found between the proposed model and the mentioned references results.
Case (III): Parametric Study of SMA Composite Plate
The plate used in case (I) is used for such parametric studies. The plate thickness is divided into ten layers, the top layer is SMA, and the remaining nine layers form the plate core. The material properties are given in Table 1 An input heat power
is used in the heating phase, and the sink temperature is sin 20 k T C = −°through the whole heating-cooling cycle.
As the first step the deflection response is calculated neglecting the effect of thermal expansion of the SMA layer. Then it is calculated considering the thermal expansion effect on the SMA layer only because the core layer is assumed at a constant temperature equal to the sink temperature, and the heating is only on the SMA layer. Figure 4 shows the temperature response of the given plate in the heating-cooling cycle with input heat power 7 3 2 10 P W m = × applied until reaching the austenitefinish temperature (A f ). Figure 5 shows the variation of the martensite fraction with the response time of the plate in the heating-cooling cycle. While heating from A s to A f the SMA layer is transformed from fully martensite phase to fully austenite phase. This is an endothermic process, which absorbs part of the input heat causing decrease in the heating rate of the SMA layer as seen in Fig. 4 . This transformation also causes reduction of the martensite fraction from 1 at A s to 0 at A f as shown in Figure 5 . While cooling from M s to M f the SMA layer is transformed from fully austenite phase to fully martensite phase. This is an exothermic process, which emits heat, causing decrease in the cooling rate of the SMA layer as seen in Figure 4 . This transformation then increases the martensite fraction from 0 at M s to 1 at M f , as seen in Figure 5 . Figure 6 gives the lateral deflection of the plate at y=b/2 before activation (T<M f ) and after activation (T>A f ), the core Young's modulus is 13 GPa. It is clear that the lateral deflection of the plate is decreased with the activation of the SMA layer due to the increase of its Young's modulus from M E in the martensite phase to A E in the austenite phase as given in Table 1 (
1) Effect of Young's modulus of plate core (E c )
To study the effect of Young's modulus of core (E c ) on the lateral deflection of SMA laminated cantilever plate, E e is changed from 10 to 80 GPa. Figures 7 and 8 show the lateral deflection of the plate before activation (T<M f ) and after activation (T>A f ), respectively, at different values of E c . Figure 9 shows the effect of Young's modulus of core (E c ) on the dimensionless response time and maximum deflection of SMA laminated cantilever plate at the middle point of the free end. Figure 10 shows the effect of Young's modulus of core (E c ) on the response time and the natural frequency of the plate. The lateral deflection is decreased in the heating stage, and increased in the cooling stage. The temperature of the SMA layer is varied in the heating-cooling cycle as illustrated in Figure 4 , while the temperature of the core layer is considered constant. Figure 11 shows the lateral deflection of SMA laminated cantilever plate before and after with and without thermal expansion effect. It is clear that the activation decreases the deflection, and taking the thermal expansion effect into consideration adds an additional decrease of the deflection. While Figure 12 shows the effect of thermal expansion on the response time and the deflection of the cantilever plate at the free end. It is clear that the thermal expansion decreases the deflection without affecting the time response.
The reason of that is that at the staring temperature (M f ) the SMA layer is at martensite phase. Applying the transverse load in the positive z-direction causes the plate to be deformed upwards. While heating form M f to A s the temperature of the SMA layer increases as seen in Figure 4 which causes the SMA layer to expand. Since this layer is positioned at a distance above the mid-plane, its expansion will produce an axial force above the neutral axis, which acts as a moment that forces the plate to deform downward to decrease the deformation gradually with heating under the same applied transverse load.
Thus heating from M f to A s has no effect on the SMA phase, it is still at martensite phase. The decrease in deformation is due to thermal expansion only. Once the temperature reaches A s the SMA layer starts to transform from martensite phase to austenite phase, which means gradual increase in the modulus of elasticity of the SMA layer and the total stiffness of the plate and subsequently causes a gradual decrease in the plate deflection until the temperature reaches A f .
After the plate is completely transformed to the austenite phase, it has the minimum deflection reached in the heating cycle. At A f , no more heating power is added and the heat sink decreases the temperature gradually. Cooling from A f to M s will not affect the SMA layer phase, but will cause thermal contraction. This contraction produces an axial compression force positioned above the neutral axis, which acts as a moment that forces the plate to deflect upwards, which means that the deflection increases gradually while cooling.
The cooling after M s causes the SMA layer to be transformed to austenite phase, this gradually decreases the modulus of elasticity from E A to E M . Thus, the total stiffness of the plate also decreases causing more deflection under the same applied transverse load. The heat cycle is finished at M f , while the deflection has the maximum value.
It is obvious that if the transverse load is downward or the SMA layer is positioned at the bottom of the plate, the thermal expansion effect will be inverted. This means that heating increases deflection and cooling decreases deflection. Figure 17 shows the SMA thickness effect on the variation of the martensite fraction with response time of the SMA laminated cantilever plate in the heating-cooling cycle. Increasing the SMA layer thickness will decrease and increase the response time during heating and cooling, respectively. Actually increasing the SMA thickness (t s ) with the same total thickness (h), means decreasing the core thickness (t e ). Both (t s ) and (t e ) affect the time response. As seen in the energy balance equation Eq. (31) , the only term affected with the change of (t s ) and (t e ) is ( ) Figure 15 . Figures 18 and 19 show the SMA thickness effect on the lateral deflection of SMA laminated cantilever plate before and after activation, respectively. Figures 20 and 21 show SMA thickness effect on the response time and the maximum deflection of SMA laminated cantilever plate at free end with dimensions and dimensionless values, respectively. It is obvious that increasing the SMA layer thickness decreases the plate deflection; this is because of increasing the stiffness of the plate with increasing the SMA thickness ratio. Figure 22 shows the SMA thickness effect on the response time and natural frequency of the proposed cantilever plate. The natural frequency decreases with increasing the SMA thickness ratio, this is because increasing the SMA thickness increases both stiffness and mass of the plate. However, the mass of the plate increases more than its stiffness does, which decrease the natural frequency of the plate. 
(4) Effect of plate aspect and thickness ratios
To study the effect of the plate aspect ratio (a/b) and the thickness ratio (a/h) on the plate deflection and natural frequency, four values of (a/b=1,2,3, and 4) are chosen and a four values of (a/h=10,20,50, and 100) are chosen. The plate length is taken constant (a = 0.1 m) and the SMA thickness ratio is taken constant (t s /h = 0.1) Figure  3 . The plate is loaded with a distributed load (q=500 N/m 2 ). The maximum lateral deflection [ ] w mm and its normalized value, w , Eq.(44), before and after activation of SMA layer are calculated, and the activation ratios w after activation / w before activation are plotted in Figure 23 . The natural frequency, Eq. (44), before and after activation of SMA layer are calculated, and the activation ratios ω after activation / ω before activation are plotted in Figure 24 . It is clear from Figures 23 and 24 . Figure 23 shows that increasing the plate thickness ratio (a/h) causes decrease of the deflection activation ratio and increase of the natural frequency activation ratio, which means that as the plate becomes thinner; a more response to the SMA activation is obtained. As the plate aspect ratio (a/b) increases, a large response to the SMA activation is obtained. 
CONCLUSION
The static response, the dynamic characteristics, and the time response of the shape memory alloy laminated composite plates are obtained and studied. Formulation of static and free vibration problems of laminated composite plates with surface bonded shape memory alloy sheets is presented. Equations of motion with the heat governing equations are deduced based on the modified higher-order shear deformation theory. Parametric studies have been performed and the following conclusions have been drawn: (1) The lateral deflection of the plate is decreased with the activation of the SMA layer due to the increase of the Young's modulus of the SMA layer in the austenite phase, (2) Increasing the core material stiffness causes decreasing in deflection without affecting the time response. (3) Increasing the SMA layer thickness obviously decreases the response time during heating, and increases it during cooling, until the SMA thickness becomes equal to the core thickness ( ) 0.5 s t h = then the relation will be inverted. (4) Increasing the SMA layer thickness decreases both the plate deflection and natural frequency which depends on the ratios of stiffness and mass properties of SMA and core materials. (5) Increasing the plate thickness ratio (a/h) decreases the deflection activation ratio and increases the natural frequency and activation ratio which means that as the plate becomes thinner, it is more response to the SMA activation. (6) As the plate aspect ratio (a/b) increases a larger response to the SMA activation is obtained. 
